Abstract. Three-form field can give rise to viable cosmological scenarios of dark energy with potentially observable signatures distinct from standard single scalar field models. In this study, the background dynamics of three-form cosmology are investigated. Our analysis suggests that the potential of three-form field should be runaway. We also investigate the possibility to solve the coincidence problem by using the coupling of three-form field to dark matter. Four types of coupling form are examined and we find that the coupling of the form Q = √ 6Γ(Ẋ + 3HX)/κ provides the possibility to solve the coincidence problem.
Introduction
According to cosmological observations, today our universe has the accelerated expansion [1, 2] . What produces that acceleration is the so-called dark energy. Moreover, there is dark matter inferred from the existence of gravitational effects on visible matter and background radiation, but is undetectable by emitted electromagnetic radiation [3, 4] . Recent observations imply that today 72% of all the energy densities of the universe comes from dark energy, while dark matter contributes to 23%. The remaining 5% is well-known matter and radiation [5, 6] .
There are many models of dark energy. The most useful and simple model is cosmological constant. The results of dark energy from cosmological constant can properly fit the observations, but it encounters cosmological constant problem and coincidence problem. Since the energy densities of cosmological constant and dark matter are significantly different throughout the history of the universe, the problem is posed why their energy densities are of the same order at the present time. That problem is referred to the coincidence problem. The dark energy models with varying energy density are proposed in order to solve the problems of cosmological constant. There are many models explaining dark energy and most of them are based on the use of scalar field [7, 8] . However, an uncoupled scalar field cannot account for the coincidence problem [9] . One of the possibilities to handle the coincidence problem is that the scalar field should couple to dark matter [10, 11] and the coupling can lead to an accelerated scaling attractor solution [12] .
However, the experimental evidences of the fundamental scalar particle have not been discovered. Moreover, at a more fundamental level there is no reason to exclude the possibility of some other higher form field to be the dark energy. These higher form fields can exist in some theories such as the string theory. The presence of them does not necessarily violate the cosmological principle. For these reasons an effort has been made in using a vector field, a one-form field, to play a role of dark energy [13] [14] [15] [16] . However, most of the vector field models encounter instabilities [17] . Generalizations to higher form fields have also been proposed [18, 19] . Two-form field models also have the same problem as vector field models. On the other hand, three-form field models have no such problem: they are stable [19] . Therefore, it is of interest to consider a three-form field as a candidate for dark energy.
where ρ is the energy density of the fluid and p the pressure. The Einstein field equation gives two equations
3)
where H is the Hubble parameter and κ 2 = 8πG. The conservation of the energy momentum tensor for each species can be expressed aṡ
Using (2.3) and (2.4), we obtain the acceleration equation 6) where ω i is the equation of state parameter for each species. Therefore, the accelerating universe due to each species requires that
where, ω matter = 0 and ω radiation = 1/3. Thus both matter and radiation cannot yield the accelerating universe that we observe nowadays. In order to explain the current accelerating universe, a new constituent of the universe is introduced namely Dark Energy. There are many models of dark energy which use scalar field such as quintessence, tachyon, phantom [26] and chameleon [27, 28] . Recently, three-form field is introduced as a candidate of dark energy models [20] . We will review the dynamical properties of three-form field dark energy model in this section. These properties are also compared with the results of the quintessence model. We comment on the drawbacks and advantages of the model from the point of view of observational compatibility. We are interested in a theory of minimal coupling to gravity. The action of a three-form field A µνρ is then 8) where R is the Ricci scalar and V (A 2 ) is the potential of the field and A 2 ≡ A µνρ A µνρ . F µνρσ is the field strength tensor of the three-form field defined as 9) where the square bracket means antisymmetrization. Varying the action (2.8) with respect to A µνρ , we get the equation of motion
where V ′ (A 2 ) ≡ dV /d A 2 . The Einstein field equation is obtained by varying the action (2.8) with respect to g µν ,
where G µν is the Einstein tensor, R µν is the Ricci tensor, and T µν is the energy momentum tensor given by
For the FRW metric (2.1), where a three-form field depends only on time, a zero component of three-form field is nondynamical. From its equation of motion (2.10), it has algebraic constraint 12V ′ (A 2 )A 0µν = 0. Therefore we focus on the space-like components only. In this spacetime with the homogeneity and isotropy assumed, the space-like components take the form
where X is a comoving field. The field X is related to the field A µνρ via A 2 = 6X 2 . From (2.10) the equation of motion of the field X is then 14) where overdot denotes derivative with respect to the time t and V, X ≡ dV /dX. The energy density and pressure of the three-form field are given by
The equation of state parameter of the three-form field is
Conveniently, we will consider the dimensionless variables for characterizing the dynamics of the three-form field. From equation (2.4), (2.5) and (2.14), the dynamical equations are
18)
20)
21) 22) where the dimensionless variables are defined as where ρ b is energy density of baryon, ρ r is energy density of radiation, and ρ c is energy density of cold dark matter. The prime denotes the derivative with respect to N ≡ ln a, the e-folding number. Equation (2.3) is not the dynamical equation. It is the constraint equation expressed as
We can find the fixed points of the system by setting x ′ , y ′ , v ′ , w ′ , and u ′ equal to zero. We summarize all interesting fixed points in Table 1 . Now we have all equations for characterizing the dynamics of the three-form field. The first interesting point is the equation of state parameter of three-form field in equation (2.17) . It satisfies the condition of accelerating universe in (2.7). Moreover, it can mimic the cosmological constant behavior in the case of vanishing of the potential slope. The equation of state parameter can also be adjusted as the phantom phase universe (ω < −1) in order to satisfy the recent observational data, ω = −1.1 ± 0.14 [29] . Actually, it can take any real value.
Next, we will consider the dynamical equations analytically. From the fact that there are matter-and radiation-dominated periods, this yields the result that the three-form field dark energy needs to sub-dominate in those periods. This argument will suggest us what the shape of the potential is. By considering the matter-dominated period (setting w = 0, y = 0, u = 0, z = 0), one can get the fixed point giving that period from the dynamical equations (2.19) -(2.22). However, from equation (2.18), the value of x is not constrained. At y = 0, it grows exponentially when the time is back to the past (N is more negative). This means that x must be a huge value at that time. At the matter dominated-period, z needs to vanish. This leads to the vanishing of the potential at a large value of X. This suggests us that the potential of three-form field should be runaway. However, if we look at the simple runaway potential such as an exponential potential, it will not vanish at the finite X. We will discuss this issue by taking w = 0, y = 0, u = 0 and z = ε where ε is a small number. The dynamical equations (2.21), and (2.22) vanish automatically. The dynamical equations (2.19) and (2.20) can be written as
In order to ensure that there is the matter-dominated period, y ′ must be positive and v ′ must be negative at the time after matter-dominated period (If the time is back to the past, it is the time before matter-dominated period). For x ≫ 1, one obtains the constraint λ 0. (2.27) This constraint is valid even when we consider radiation-dominated period. Again, the constraint of λ suggests us that the three-form potential should be runaway. We note that the runaway potential we mentioned means that the value of the potential at the large X approaches zero lim X→∞ V (X) → 0 and the slope of the potential is always negative V ,X < 0. The runaway potential will guarantee the well-behaved evolution of the background. However, some kinds of non-runaway potential will also provide the well-behaved evolution. For example, the power law potential, V = V 0 x n , with n = 1 also provides the wellbehaved evolution while the Landau-Ginzburg potential, V = V 0 (x 2 − x 2 0 ) 2 , cannot provides such well-behaved evolution. We will consider this issue in detail. Generally, we can set the value of z 2 and y 2 to be a small number ε 2 z and ε 2 y respectively. Therefore equations (2.25) and (2.26) can be generalized as
28)
For the power law potential, V = V 0 x n , it ensures that the well-behaved evolution will be obtained if n ≤ 1 where λ = −n/x. Actually n can take the value larger than 1 depending on the value of ε 2 y /ε 2 z . We can see that the non-runaway potential, 0 ≤ n ≤ 1, can also provide well-behaved evolution.
For Landau-Ginzburg potential, V = V 0 (x 2 − x 2 0 ) 2 , with λ = −4x/(x 2 − x 2 0 ), one cannot get the well-behaved evolution at the large X. Nevertheless, one can argue that the value of X will be a small value, (x ≪ x 0 ), if 2/3y always grater than x inferred from equation (2.18) . However, it is difficult to achieve this situation since y decreases faster than x when the time is back to the past during three-form dominated period. We also note that we check this analysis with the numerical calculation and found that it agrees with this qualitative analysis.
At the matter-and radiation-dominated periods, we see that the three-form field X is a large value. This leads to a huge negative value ofẊ as y ∝Ẋ + 3HX = 0. Instead a scalar field rolls down from the small value like quintessence field, the three-form field rapidly climbs up the potential from the large value of field to the small one and reaches the fixed point at which dark energy dominates at the present time. One of the most interesting things in the three-form dark energy model is the effective potential. From the equation of motion of three-form field (2.14) and equation (2.4) , the effective potential can be defined through the relation
At the dark energy dominated period, we can neglect the last term which is the contributions from matter and radiation. This means that the fixed point at the extremum of the potential is x = 2/3 which is the same as we consider from dynamical equation (2.18) . This is a mechanism by which the potential parameter controls the dynamics of three-form field. It is similar to the analysis in reference [20] . Note that in [20] , for the potential V = (X 2 − C 2 ) 2 , the dynamics of three-form field is controlled by C which is less or more than 2/3. Now, let us analyze the stability of the fixed points. The fixed point (a) corresponds to the matter-dominated solution and gives ω tot = 0. The eigenvalues are (−3, 3/2, 3); therefore, it is not stable. Note that we do not include radiation and baryon in this investigation. However, if we add all constituents in our investigation, there will be the unstable fixed points in which the added constituents dominate. Properties of these fixed points are similar to those of fixed point (a). The eigenvalues of these fixed points can be generalized as
, where ω i is the equation of state parameter of the dominated constituent i.
The fixed points (b) correspond to the three-form field dominated solution and give ω tot = −1. Therefore, three-form field behaves as dark energy. They give the eigenvalues (−3, 0, −3/2). Since one of the eigenvalues is zero, we can say nothing about the stability of the fixed points from the linear analysis. We have to use the second order perturbations and specify the potential to analyze the stability of these fixed points. However, we will use the numerical method to analyze the property of the fixed points. In the numerical method, we check whether the small deviations of the dynamical variables are convergent and also check whether their evolution provides the standard evolution of the universe. Note that the standard evolution of the universe we use in this paper means that there are the radiation-matter-and dark energy-dominated periods respectively. For the exponential potential, V = V 0 exp(−ηx), we find that the fixed point (b1) is stable for η > 0 and the fixed point (b2) is stable for η < 0. For inverse power law potential, V = V 0 x −η and Gaussian potential V = V 0 exp(−ηx 2 ) both of the fixed points (b) are stable for η −1 and η > 0 respectively. These properties of the fixed points (b) are consistent to our analytic investigation that the potential should be runaway and it is compatible with the second order perturbation analysis in [20] .
The fixed points (c) provides the cosmological constant behavior since it corresponds to λ = 0 for runaway potential. This is the special case of the runaway potential since it yields the constant energy density of dark energy due to V = V 0 . We note that it may not be completely correct to mention that it is runaway potential when it is constant. This constant potential leads to the stable fixed point with y 2 + z 2 = Ω X = 1, ω tot = −1 and ω X = constant = −1. This fixed point corresponds to the extremum fixed points in [20] . We avoid the call this fixed point as extremum fixed point since it is constant potential. We also note that there is the extremum fixed point for Gaussian potential with x = 0, y = 0, z = 1 and λ = 0. This fixed point will be stable if η < 0. However, it leads to the dark energy dominated period in the past.
Cosmological constant model can be promoted as a subclass of three-form dark energy model. This is a useful feature of dark energy from three-form field. However, it cannot solve the coincidence problem which state that "why dark energy is comparable to matter nowadays". This is due to the fact that there are no the stable fixed points at which Ω X /Ω c ≃ 7/3 where Ω X and Ω c are the energy density parameter for dark energy and dark matter respectively. Next section, we will investigate an probability for solving this problem by introducing the interactions between dark energy and dark matter.
Coupling Three-form Field with Dark Matter
According to observations, today the dark matter density is close in value to the dark energy density. This leads to the so-called coincidence problem because their evolutions are considerably different throughout the universe history. Is it coincidence that their energy densities are of the same order? There have been many models proposed to explain the coincidence problem and it has been found that an uncoupled three-form field cannot solve the coincidence problem. If dark matter is capable of decaying into dark energy, the explanation of the similarity of their energy densities may be made. This introduces the coupling between three-form field dark energy and dark matter. In order to alleviate the coincidence problem we expect this coupling to lead to an accelerated scaling attractor solution
The existence of the coupling can be represented by the modified continuity equationṡ
2)
where ρ c stands for energy density of cold dark matter and Q is the energy transfer between dark energy and dark matter
while the background baryons and radiation still satisfẏ
where b stands for baryon and r radiation. The explicit form of the Einstein equations (2.3) and (2.4) including baryons and radiation become
From equation (3.3), using (2.15) and (2.16) we obtain
The interaction term we added in equations (3.2) and (3.3) will modify the dimensionless variable equations (2.19) and (2.20) as
where
Coupling forms in which we use to consider in this paper are phenomenological. The coupling forms are introduced by taking into account the fact that it should be expressed in the covariant form due to the ability to compute the cosmological perturbations. According to the quintessence model, there are three simple coupling forms. The first coupling is Q ∝φρ c , where φ is the quintessence field. This coupling form is motivated from the scalar-tensor theory [10] . Unfortunately, by considering the general form of Lagrangian of scalar field with this coupling form, there are no fixed points giving the matter-or radiation-dominated periods if dark energy dominates at the present time [21] . Analogous to this coupling form of the scalar field and its simple kinetic term, we introduce the coupling form of the three-form field by replacingφ withẊ + 3HX. Note that there is no theoretical motivation like the quintessence models. The second class of the coupling is Q ∝ H(α φ ρ φ + α c ρ c ), where ρ φ is energy density of the scalar field and α φ and α c are dimensionless constants. The motivation of this coupling form does not come from the fundamental theory but mathematical calculation in which the energy density ratio of dark matter to dark energy is constant at a stable fixed point [30] . In this coupling form, there is no the problem like the previous one but it gives a negative energy density of dark energy at matter-and radiation-dominated period [22] . By considering α φ = 0 case with exponential potential, the coincidence problem cannot be solved since there are no stable fixed points Ω φ /Ω c ∼ O(1) [12] . Note that the transfer rate of this coupling form is determined by the expansion rate of the universe rather than by the local quantities associated with particle interactions. Therefore, it suggests that it is not easy to describe this coupling form in terms of physical interaction of particles.
The third coupling form is introduced in order to obtain the physical motivation associated with particle interactions. The similar form of this coupling has been use in reheating, decay of curvaton and dark matter into radiation [12] . This coupling takes the form Q ∝ (Γ φ ρ φ + Γ c ρ c ), where Γ i is a constant. This coupling form does not depend on the expansion rate of the universe. Γ acts as a local transfer rate which is similar to the decay rate of the particle interaction in collision approach. This form is quite complicated because one cannot eliminate the Hubble parameter from the dynamical equations of the dimensionless variables. Similar to second coupling form, it encounters the negative energy density in full parameters consideration (Γ φ = 0 and Γ c = 0) while it cannot solve the coincidence problem in the case of Γ φ = 0 [23] .
It is worthwhile to investigate whether interacting three-form field can yield the solution of the coincidence problem. In order to study the three-form interaction with dark matter phenomenologically, we introduce the covariant forms of the coupling for three-form field as:
u µ , where α, β and Γ are constant, u µ is a 4-velocity, T τ τ (c) = −ρ c is the trace of the energymomentum tensor for cold dark matter. Q µ is the covariant form of energy-momentum transfer corresponding to the covariant form of the conservation equation [31] 
where i is a component of the universe. The zero component of the covariant conservation equation (3.12) corresponds to the conservation equations of the energy density (3.2) and (3.3). This turns the relation between covariant 4-vector Q µ and the energy transfer Q as
It is important to note that the coupling model (II) is not the expression of the covariant form due to the appearance of H. However, the covariant forms are introduced in order to provide the ability to compute the perturbations [12] and the coupling model (II) can provide the ability to compute the perturbations which has been performed in [32] . Therefore, we allow the appearance of H to arise in the coupling model (II).
Next we will consider the properties for each coupling form in detail by finding the fixed points and then investigating their stability. For simplicity, we will use the exponential potential (V = V 0 e −ηx ), the Gaussian potential (V = V 0 e −ηx 2 ), and the inverse power law potential (V = V 0 x −η ) in our investigation. The evolution behavior is also investigated in order to compare with the standard evolution of the universe. Conveniently, we consider only the late time fixed points since they are relevant to the dynamics of dark energy. We also ignore the effect of baryon contribution in qualitative analysis because it has a tiny effect on the dynamical evolution comparable to other constituents. However, in the computational simulation of dynamical evolution, we add up all constituents in our consideration.
Coupling model (I):
Q µ = 2/3κβT τ τ (c) 1/24a 3 ǫ νρσγ F νρσγ u µ For this covariant form, the interaction term that satisfies equations (3.2) and (3.3) can be expressed as Q = Q 0 = 2/3κβρ c (Ẋ + 3HX) and the interaction variable becomes γ = βv 2 . The autonomous system in (3.9) and (3.10) can be rewritten as
The crucial properties of the fixed points for this interaction are summarized in Table 2 . Next we will discuss the results of each fixed point in detail.
• Fixed points A1 and A2
These fixed points correspond to z = 0. Since ω tot depends on parameter β, it is easy to show that accelerating phase occurs when |β| > √ 3/2. Notice that the phantom phase ω tot < −1 is impossible because this will cause v * to be imaginary. The range of β is constrained by the existence condition |β| ≤ 3/2. The stability of these fixed points can be analyzed by considering the eigenvalues from the first order perturbation around each fixed point of the autonomous system (equation (2.18), (3.15) , and (3.16)). These fixed points will be stable if the real part of all eigenvalues are negative. For these fixed points, the eigenvalues do not depend on the potential and read −3, 9 − 4β 2 /6, 9 − 4β 2 /3 . This yields the stability condition |β| > 3/2. Since the stability condition is not compatible with the existence condition, we conclude that A1 and A2 are not stable. We are not interested in these fixed points. Table 2 . The properties of the fixed points for the coupling model (I) with the exponential potential.
Note that x = 2/3y at the fixed points.
• Fixed points B1 and B2 Figure 1 . This shows the evolution of the dynamical variables with different interaction parameter (β) at fixed point B, y * = +1. The red line represents the energy parameter of dark matter (Ω c ), the blue line represents the energy parameter of dark energy (Ω X ) and the green line represents the energy parameter of radiation (Ω r ). In this plot, we use the exponential potential with λ = 1 and β = 0.5 for (a), β = 0 for (b), and β = −0.5 for (c).
These fixed points correspond to dark energy dominated point and require z = 0. We cannot use these fixed points to solve coincidence problem because Ω X /Ω c is not order of unity. However, it is instructive to investigate the effect of the coupling term on the dynamical evolution. The most important thing of this coupling form is that one can reproduce the non-interacting approach. There are no boundaries for the existence condition. For the stability condition, the eigenvalues do not depend on the potential and can be expressed as (−3, 0, −3/2−β). Thus, it guarantees that the fixed points are not stable for β < −3/2. In the case of β > −3/2, due to the zero eigenvalue, we have to use the second order perturbations for analyzing the stability condition as seen in [20] or use numerical method as we use here.
In numerical method, we check whether the evolution of the dynamical variables is convergent and provides the consistent behavior. For the exponential potential, the result is that if y * = 1, the potential parameter needs to be positive (η > 0) and if y * = −1, the potential parameter needs to be negative (η < 0). In other words, it is only allowed for ηy * > 0. From the first term in equation (3.16) , the transfer energy also depends on the sign of y * . The result is that βy * > 0 corresponds to transfer of dark matter to dark energy and βy * < 0 corresponds to transfer of dark energy to dark matter. However, if we carefully consider the evolution behavior of the dynamical variables, we will see that the interaction parameter (β) cannot take more value. This is due to the fact that the more value of the interaction parameter, the more change of the behavior of the variables at the early time. Figure 1 shows the effect of the interaction on energy density parameter evolution. We use the exponential potential with β = 0.5 in Figure 1(a) , β = 0 in Figure 1(b) , and β = −0.5 in Figure 1(c) . For these fixed points, they are allowed for both energy transfer from dark energy to dark matter and dark mater to dark energy.
The evolution for the Gaussian potential is similar to the exponential potential. The difference is that it is only stable for the η > 0 case. This result agrees with the analytic version in [20] . For the inverse power law potential, the evolution is stable if η −1. It is consistent to the qualitative analysis as we have analyzed before. • Fixed points C1 and C2
These fixed points correspond to dark energy dominated period at which ω tot = −1. Moreover, these fixed points provide us the scaling regime. However, by considering the allowed region of the parameters for the stability and existence conditions, it cannot provide the well-behaved evolution as we will show now.
By using the same step, the plots of stability and existence region for the exponential potential are shown in the Figure 2(a) . The dashed line, which shows the points at which the ratio of dark energy to dark matter is 7:3, is in the region that satisfies two conditions. In order to compare the result of this model with the observational data and solve the coincidence problem, β and η must satisfy the relation
This relation suggests that η is divergent at β = ± 45/14 as shown in Figure 2(a) . This divergence also exists in the Gaussian potential and the inverse power law potential. From Figure 2 (a), it is found that we will solve the coincidence problem by using these fixed points as long as |β| > 45/14. Due to the more value of the coupling parameter, it is obvious that the evolution at the early time will not satisfy the standard evolution of the universe as shown in Figure 2 (b). We will see that there is no matter-dominated period in the evolution. The disappearance of matter-dominated period is also found for the Gaussian potential and the inverse power law potential. Finally, it is important to note that there is the cosmological constant fixed point, λ = 0, like non-interacting case. The interaction terms do not affect this fixed point because the interaction terms depend on v and v = 0 at this fixed point. Properties of this fixed point are similar to the non-interacting case. The difference is only that the matter does not completely dominate at matter-dominated period.
Coupling model (II):
The interaction term that satisfies equations (3.2) and (3.3) of this coupling model can be expressed as Q = Q 0 = αHρ c and the interaction variable becomes γ = αv 2 /2y. The autonomous system in (3.9) and (3.10) can be rewritten as
The properties of each fixed point are summarized in Table 3 . Note that there are the other fixed points at which the interaction parameter is α = −3. It is not an interesting fixed point due to the much more value of α. As we discussed in the previous interaction, the more value of α, the more deviation from standard evolution of the universe in the past. Moreover, this value provides the non-dynamical evolution of the dark matter energy density,ρ c = 0. This behavior is not accepted for the observational data.
Point y * v * ω tot Acceleration? Existence? stability? Table 3 . The properties of the fixed points for the coupling model (II) with the exponential potential.
Note that x * = 2/3y * at the fixed points.
These fixed points correspond to z = 0 and yield the phantom phase when α < −3. However, this phase does not exist since v is not real number. The existence condition for these fixed points is the same for all potentials. This condition can be expressed as −3 ≤ α ≤ 0. To find the stability condition, we do the linear perturbations around the fixed points. The eigenvalues of these fixed points read (−3, α + 3, α + 3). We will see that they do not depend on the potential form. Thus the stability condition is expressed as α < −3. This condition conflicts with the existence condition for all potentials. This means that these fixed points are not stable for all potentials. We are not interested in these fixed points.
• Fixed points B1 and B2 These fixed points correspond to dark energy dominated point without the effect of potential, z = 0. These fixed points cannot be the points at which the coincidence problem is solved because of Ω X = 1. However, we will investigate the properties of these fixed points. These fixed points satisfy the existence condition for all points in parameter space (α, η). This condition is valid for all potentials.
Considering the stability condition, the eigenvalues of the linear perturbation system do not depend on the potential form and read (−3, 0, −3/2 − α/2). As we discussed in the coupling model (I), a zero of the eigenvalues indicates that one cannot find the stability condition of these fixed points at the linear order perturbations. We check this by using a numerical method as we have done in the coupling model (I). Interestingly, it has similar properties to the coupling model (I). From the above eigenvalues, the stability condition is α > −3. The crucial property of this coupling depends on the sign of α. For the case of α < 0 with the exponential potential, y * = +1 fixed point is stable when η > 0; conversely, y * = −1 fixed point is stable when η < 0. In other words, they will be stable if ηy * > 0. For the Gaussian potential and the inverse power law potential, both y * = ±1 fixed points will be stable if η > 0 and η −1 respectively. For the case of α > 0, corresponding to energy transfer from dark matter to dark energy, with the exponential potential, we find that the evolution from numerical simulation encounters a singularity at the matter-dominated era. This singularity can be seen from the interaction term of dynamical equation (3.18) when v = 0 and y = 0. However, this singularity does not exist in the case of α < 0 as shown in Figure 3 . From this figure, we will see that Ω X does not completely vanish at the matter-dominated period. This behavior also exists in this class of coupling form for the quintessence model as seen in [33] and references therein. The physical interpreting of this behavior is that the energy density of dark matter is higher in value in the past than the present value of the energy density. This leads to the point that v → 1 and y → 0. Moreover, this coupling form also provides a clue to violate the second law of thermodynamics similar to the quintessence model [34] . Note that this singularity also exists in the Gaussian potential and the inverse power law potential when α > 0.
From Figure 3 (b), we will see that ω tot does not vanish at the matter-dominated period, N ∼ −3, since Ω c does not completely dominate. It is also found that ω tot oscillates at the radiation-dominated period. This effect also occurs in all coupling models we investigate. To see how this effect can occur, we will return to the general form of the total equation of state parameter,
From this general form, we will see that ω tot = ω r at the radiation-dominated period if z completely vanishes. However, according to simulation computing, z does not completely vanish. It oscillates in order of 10 −9 . As we have mentioned before, x is a large value at early time. Thus, the large value of x will factor the last term in equation (3.20) to oscillate in order of the huge value. However, for the inverse power law potential, x will be eliminated by λ = η/x and the oscillating behavior will disappear as shown in Figure 4 (b). From this figure, it is found that the oscillating behavior disappears and ω tot → ω r at radiation-dominated period as inferred from equation (3.20) . This is the advantage of inverse power law potential. Thus, the inverse power law potential is favored by our numerical calculation and it implies that it is the most useful potential among all potentials we have investigated. This argument will hold only in the background analysis and may not be valid when the perturbation analysis is taken into account as suggested in [20] . We leave this work in further investigation since it is beyond the purpose of our study. The cosmological constant fixed point, λ = 0, also exists in this coupling model. The oscillating behavior also disappears since the last term in (3.20) completely vanishes. The well-behaved evolution of the dynamical variables is allowed only for α < 0, corresponding to the energy transfer from dark energy to dark matter. The physical interpreting of this property is the same as we have mentioned above. Table 4 . The properties of the fixed points for the coupling model (III) with the exponential potential.
Coupling model (III):
The interaction term that satisfies equations (3.2) and (3.3) of this coupling model can be expressed as Q = Q 0 = Γρ c . We cannot eliminate the Hubble parameter from the equation system of the dimensionless variables. We have to introduce new dimensionless variable for this coupling model. This variable has been introduced as s = H 0 /(H + H 0 ) [12] . This form of this variable satisfies the compactness property but provides the singularity in the equation system at s = 1. In our consideration, we ignore the compactness property and choose the form of this variable for the simplicity of calculation. This new variable is expressed as
where H 0 is the Hubble parameter at the present time. Due to the fact that H ∝ 1/t, it implies that s → 0 at the early time and s = 1 at the present time. The interaction variable becomes γ = γsv 2 /2y, where γ = Γ/H 0 . The autonomous system in (3.9) and (3.10) can be rewritten as 23) and the equation of new dimensionless variable can be expressed as
As we have seen, s does not need to be stable at the present or at the early time due to the fact that it scales as 1/H. It is well known that the Hubble parameter is not stable in all era of the late-time history of the universe (except inflationary era). However, we will consider in both cases, considering a fixed point of s and ignoring it. The properties of each point are summarized in Table 4 .
• Fixed points A1, A2
These fixed points are (x, y, v, w, u, s) = (0, −s * γ/3, ± 1 + s * γ/3, 0, 0, s * ). This is the fixed points at which s does not need to be a fixed point. If we require the fixed point of s, it turns out that s = 0. These fixed points can be reduced to (x, y, v, w, u, s) = (0, 0, ±1, 0, 0, 0) and corresponds to dark matter dominated solution. Its eigenvalues are (−3, 3, 1/2) for all the potentials. Therefore, these fixed points are not stable. However, if we return to ignore the fixed point of s, the eigenvalues will be (−3, 3 + γs, 3 + γs). Thus, the stability condition can be written as γs < −3. This condition conflicts with existence condition, −3 γs 0, and implies that these fixed points are not stable. • Fixed point B1, B2
These fixed points are (x, y, v, w, u, s) = (± 2/3, ±1, 0, 0, 0, s * ). They correspond to threeform dominated solution and their properties are the same for all potentials. It gives the total equation of state parameter like the cosmological constant, ω tot = −1. The eigenvalues of these fixed points are (−3, 0, (−3−γs * )/2). Therefore, we can infer nothing about its stability from the linear analysis because of the eigenvalue 0. However, the last eigenvalue suggests us that the stability condition requires at least γs * > −3. If this condition is satisfied, the stability condition will be investigated by using numerical method as done in the previous coupling models. It turns out that these fixed points are stable. The crucial properties of these fixed points are similar to the coupling model (II). The well behavior of the energy density evolution is allowed only for negative sign of interaction parameter, γ < 0. In other words, it is allowed for energy transfer from dark energy to dark matter only. The physical interpretation of this phenomenon is the same as mentioned in the coupling model (II). The advantage of this coupling form is that it has a tiny effect on the evolution behavior at the matter-and radiation-dominated periods as shown in Figure 5 . From this figure, the evolution behavior at the matter-and radiation-dominated periods is close to the standard evolution of the universe. This feature is explained by considering the interaction terms in equations (3.22) and (3.23) . These interaction terms effectively vanish since s approaches zero during matter-and radiation-dominated periods. They also have a tiny effect at the future time since v → 0 for these fixed points. This keeps the stability of these fixed points for all variables except s even though s still evolves.
• Fixed point C1, C2
These fixed points are (x, y, v, w, u, s) = (x * , y * , v * , 0, 0, s * ), where x * = 2/3y * , 0 y * 1, 25) and
The most important properties of these fixed points are related to the second relation (3.26) . This relation yields Γ = −3H. It provides not only the more value of the interaction parameter but also the non-dynamics of energy density of dark matter due to equation (3.2) . This gives the similar results to the case of α = −3 in the coupling model (II) by replacing γs * with α. The difference is that γs * varies with time and approaches zero at the early time while α is constant. However, the evolution behavior is not significantly different since the matter will run out before it dominates in the past due to the more value of γs * at the fixed points. For the case of s to be a fixed point, it is found that s * = 0 and this yields the infinity of the coupling parameter, γ = −3/s * → ∞. If we take a small perturbation by setting s * = ε where ε is a small value, it turns out that this fixed points are not stable and evolve to fixed points B.
Finally, we note that there is the cosmological constant fixed point, λ = 0, similar to coupling model (I) and (II). The difference is that the evolution behavior are tinily affected from the interaction since s → 0 at the matter-dominated period. We also found that one can set s as any value at this stable fixed point due to v = 0 fixed point.
Extension to Another Coupling Model
We will begin this section by summarizing the results of three coupling models.
• Coupling model (I)
There are three classes of all fixed points. The A1 and A2 fixed points are not stable. For the B1 and B2 fixed points, they are stable but one cannot use them to solve coincidence problem since they are the fixed points at which y = ±1. However, it is instructive to consider this fixed points in order to study the effect of the interaction because it can be reduced to the non-interacting approach. The energy can transfer from dark energy to dark matter and dark matter to dark energy. Finally, for fixed points C1 and C2, the coupling parameter is allowed only in region with large value. Therefore, there is no matter-dominated period for these fixed points.
• Coupling model (II) Actually, there are three classes for this coupling model, but we show only two classes because the missing one provides the much more value of the coupling parameter, α = −3. For the fixed points A1 and A2, they are not stable like the fixed points A1 and A2 in the coupling (I). The coincidence problem cannot be solved by using the fixed points B1 and B2 because of y = ±1. The energy transfer is allowed only from dark energy to dark matter. According to the evolution behavior, we found that the inverse power law potential is suitable for the interacting three-form field.
• Coupling model (III)
The properties are very similar to the coupling model (II) although there are more variables in phase space. They are similar when we take γs * → α. This means that all properties are the same as the coupling model (II) except that the effective coupling γs * now varies with time. γs * is equal to −3 at the fixed points but not necessary hold for other points in phase space. This provides the vanishing value of effective coupling at the matter-dominated period because of s → 0. However, the evolution behavior of these fixed points is not compatible with observation since there is no matter-dominated period. In other words, the matter will run out before it dominates in the past due to the more value of γs * at the fixed points.
The cosmological constant fixed point, λ = 0, also exists in all coupling models we have investigated. It is the stable fixed point with ρ X = constant and ω X = −1. Therefore, the coincidence problem will not be solved by this type of the fixed point.
From summary above, there are no coupling models which provide the possibility to solve the coincidence problem. We now introduce the another coupling model in order to solve it. This coupling model can be written in the covariant form as
where γ is the coupling parameter for this model. For this covariant form, the interaction term that satisfies equations (3.2) and (3.3) can be expressed as Q = Q 0 = √ 6Γ(Ẋ +3HX)/κ. One cannot eliminate H from the dimensionless equations as found in coupling model (III). We introduce new dimensionless variable s = H 0 /H as done in coupling model (III). We note that it is possible to eliminate H from the dimensionless equations by introducing the covariant interaction form as
However, it encounters the singularity at the radiation-dominated period. We will discuss this issue later. The interaction term in equation (4.1) yields γ = γs 2 , where Γ = H 2 0 γ. The dynamical equations associated with the interaction term become
Note that the dynamical equations for the interaction (4.2) are obtained by ignoring the equation (4.5) and setting the interaction parameter as γs 2 → γ. From the first term in equation (4.4), we will see that the energy density of dark matter cannot vanish. This guarantees that there are no stable fixed points at which Ω c = 0 at the present time. It is also found that this term will provide the singularity at radiation-dominated period since v → 0 for the interaction (4.2). However, for the interaction (4.1), the singularity can be avoided since s → 0 at the radiation-dominated period. This mechanism is similar to a mechanism in the coupling model (III) in which the effect of the interaction is very small at early time. Therefore, the interaction in (4.2) is not interesting for us and we will not consider it. The properties of all fixed points are summarized in Table 5 . Conveniently, we introduce the new parameters as
• Fixed points A1-A6
These fixed points correspond to z * = 0. The constraint equation for these fixed points can be written as
Three solutions of y * for this equation are expressed in Table 5 . The conditions for stability and existence of all A1-A6 do not depend on potential form. These two conditions are not compatible each other. We are not interested in all these fixed points.
• Fixed points B1-B4
These fixed points correspond to the solutions with z * = 0. One of the conditions for these fixed points is
This condition leads to ω tot = ω X = −1 and also provides the fixed point s * = 0. It is possible to set s * = 1 as the fixed point at the present time to get H = H 0 . The condition (4.9) can be rewritten as A1, A2 The solution of y * is strongly dependent on the potential form. There are two solutions for the exponential potential and inverse power law potential and three solutions for the Gaussian potential. From this condition, we will see that it is possible to get the fixed points at which v 2 * /y 2 * ∼ O(1) with s * = 1. This allows us to solve the coincidence problem since Ω c0 /Ω X0 = v 2 * /(y 2 * + z 2 * ). Our investigation of these fixed points will be separated into three parts depending on the potential.
• Inverse power law potential For inverse power law potential, λ = η/x * = 3/2η/y * . By substituting λ into equation (4.10), the solutions of this equation are
The conditions of existence and stability are shown in Figure 6 . The minus solution corresponds to the Figure 6(a) , and plus solution corresponds to the Figure 6(b) . By using the solutions in equation (4.11) , one can find the relation of γ, η, s * and Ω c as
(4.12) Figure 6 . This figure shows the region of stability (red, shaded) and existence (blue, shaded) in the (γ, η) parameter space for the inverse power law potential V = V 0 x −η . The violet region indicates the compatible region of two conditions. Dashed line represents a point at which the energy parameter ratio of dark energy to dark matter is 7:3. Figure (a) and (b) correspond to y * − and y * + solution in equation (4.11) . Note that we set s * = 1 in this plot. However, we can restore s * into this plot by setting γ → γs
The characteristic properties of this relation are found in the Figure 6 . From this relation, the singularity of the curve Ω X /Ω c in Figure 6 can be written as
For Ω c = 0.3, we get the singularity at γs 2 * ≈ ±0.538 as shown in Figure 6 . From Figure  6 and relation (4.12), It is also found that the stability condition can be written as
This condition also suggests us that the strength of the interaction depends on the value of Ω c . If Ω c increases, the lower bound of this condition also increases. Thus Ω c cannot take large value since interaction will be too large.
For the evolution behavior, we set γ = −0.5, s * = 1 and choose Ω c ∼ 0.25. This leads to η = 16γ 2 /3 −3 + 16γ 2 ≈ 1.333. By using this parameter set, the evolution of energy density parameters and ω tot are shown in Figure 7 . It is found that one can solve the coincidence problem by using this coupling model because there are the stable fixed points at which Ω X /Ω c ∼ 7/3 and there are the matter-and radiation-dominated periods with the same parameters. Note that, in the simulation, we have to set a small deviation from the fixed points in order to get the dynamics of the variables. Therefore, the stable fixed points will be slightly deviated from the fixed point we set as found in Figure 7 .
• Exponential potential For the exponential potential, λ = η and the solutions of y * corresponding to the equation (4.10) are
The plus solution corresponds to the fixed points B1 and B2, and minus solution corresponds to the fixed points B3 and B4. We show the existence and stability conditions by using numerical method as seen in Figure 8 . From this figure, only y * + solution is consistent while there are no existence regions for y * − solution. Thus, the interesting fixed points are B1 and B2 which have the same properties. For Ω X /Ω c = 7/3, the stable condition allows only the region in which |γ| 81/280 ≈ 0.538. The calculation and analysis are performed in the same step as done in the inverse power law potential. The results are similar to the inverse power law case. The difference is that the evolution behavior for exponential potential will encounter the large oscillating of ω tot at radiation-dominated period. We will not show this evolution behavior here. • Gaussian potential For the Gaussian potential, λ = 2ηx * = 8/3ηy * . Equation (4.10) become
There are three solutions of this equation. We will not show the exact solutions here for convenience because they are lengthy. The region plot of these three solutions are shown in Figure 9 . The evolution behavior is similar to the inverse power law and exponential potential case. Thus, we will not show this simulation here.
Finally, it is important to note that there is no cosmological constant fixed point, λ = 0, similar to three coupling models we have investigated. This can be seen from the interaction terms of this coupling model, (4.3) and (4.4). These terms do not vanish when v → 0. Therefore, it yields the results equivalent to the fixed points A which z * = 0 and v 2 * = −2γs 2 * /3y * . It is not a stable fixed point for this coupling model.
Conclusions and Discussions
The possibility of the three-form field to be dark energy is investigated. We begin this work by summarizing the results of three-form field dark energy. By analyzing the dynamical equations of the system, we have found that the potential for three-form field should be runaway. We have also found that three-form field with proper potential can act as dark energy. However, non-interacting three-form field cannot provide the possibility to solve the coincidence problem since there are no stable fixed points at which Ω X /Ω c ∼ O(1). Analogous to scalar field dark energy, we examine the interacting three-form field with dark matter and find the possibility to solve the coincidence problem. We introduce three covariant coupling forms which imitate idea from scalar coupling forms. Although the coupling model (II) can not be expressed in the covariant form due to the appearance of H, we can compute the perturbations for this coupling model as seen in [32] . Therefore, we allow the appearance of H to arise in this coupling model. We have found that three coupling forms cannot lead to the well-behaved solution of the coincidence problem. Therefore, we introduce the forth coupling form in order to provide the ability to solve the coincidence problem. The properties for each coupling model are summarized as follows. For coupling (I), Q = 2/3κβρ c (Ẋ + 3HX), the fixed points A are not stable. Their eigenvalues can be reduced to case of non-interaction. The effects of the interaction in the evolution of the energy density parameters are discussed in both qualitative and numerical analysis. We find the stability of the fixed points B numerically. By using three runaway potentials including exponential, Gaussian and inverse power law potentials, the results are that the fixed points B are stable and the stability is independent of sign of the coupling. However, they cannot solve the coincidence problem since they give the stable fixed points at which Ω X = 1. However, it is instructive to study the effect of interaction in this coupling model. This effect is examined and the result is shown in Figure 1 . For the exponential potential, V = V 0 e −ηx , the standard evolution of the universe, which has the matter-and radiation-dominated period, is obtained when y * η > 0. It corresponds to the runaway potential since the sign of y is the same as the sign of x. For the inverse power law and Gaussian potentials, both y * = 1 and y * = −1 give the well-behaved evolution when η −1 and η > 0 respectively. For the fixed points C, they can make an explanation of the coincidence problem. However, the coupling parameter β is of order 2, which makes the evolution at the early time different from the actual evolution as shown in the Figure 2(b) .
For coupling (II), Q = αHρ c , the fixed points A are not stable. Their eigenvalues cannot be reduced to case of non-interacting one. This is because there is αv 2 /2y 2 term which does not vanish when α = 0. For the fixed points B, the stability depend upon sign of the coupling. The singularity appears in the case of α > 0 at the matter-dominated period, but is not in the case of α < 0 for all potentials. This is because α > 0 corresponds to energy transfer from dark matter to dark energy. This means that the energy density of dark matter increases when we go back in time. During matter-dominated period, the value of energy density of dark matter must take the enough value in order to give the observed value at the present time. For this reason, the singularity is emerged when v → 1 and y → 0. On the other hand, α < 0 corresponds to energy transfer from dark energy to dark matter. There is no a singularity in this case because the value of the energy density of dark matter does not need to be large in the past. This implies that the energy transfer is allowed from the dark energy to dark matter only. Moreover, there are the other fixed point corresponding to α = −3. However, α is too large in value for the evolution to agree with the cosmological observations. Moreover, it gives non-dynamical evolution of the dark matter energy density.
We also show that the suitable potential for the well-behaved evolution of three-form dark energy is power law potential. This property can be seen by comparing the evolution behavior of ω tot for exponential potential ( Figure 3 ) and inverse power law potential ( Figure  4) . There is the oscillating behavior of ω tot for exponential potential. We interpret this behavior from the last term in equation (3.20) . The enormous value of x will factor this term to dominate even though z 2 approaches to zero. It is important to note that the inverse power law potential may give an unstable evolution of the cosmological perturbations since it provides negative sound speed square [20] . It is of interest to investigate whether the interaction can alleviate this behavior and we leave this investigation in further works.
For coupling (III), Q = Γρ c , One cannot eliminate the Hubble parameter H from the dynamical equations. We introduce new dimensionless variable in order to eliminate H by s ≡ H 0 /H. The results from this coupling are very similar to ones of the coupling (II), just α becoming γs. The difference is that α is constant throughout the evolution of the universe, while γs varies with time. However, by comparing to the coupling model (II), there is an advantage of this coupling model. This coupling model provides a tiny effect of the dynamical evolution in the past since s → 0. This provides the wider range of the coupling parameter and leads to the very slight deviation of the evolution from the standard evolution of the universe in the past as shown in Figure 5 .
For coupling (IV), Q = √ 6Γ(Ẋ +3HX)/κ, all of the fixed points A are not stable. Their eigenvalues can be reduced to the non-interacting case. However, we do not explicitly show the eigenvalues because of their complication. For the fixed points B, they can give the stable fixed points at which Ω X /Ω c ∼ 7/3 as shown in Figure 7 . This provides the ability to solve the coincidence problem while the evolution is in agreement with the standard evolution of the universe.
Even though there is no theoretical motivation for this coupling form, it may be interpreted as a physical interaction associated with particles since it does not depend on the expansion rate of the universe. Γ may also be interpreted as a decay rate like Γ in coupling model (III). This is one of the advantages for this coupling model.
There is the cosmological constant fixed point, which λ = 0, for coupling model (I), (II), (III) and non-interacting case but it does not exist for coupling model (IV). The important properties of this fixed point are that it is the stable fixed point with ρ X = constant and ω X = constant = −1. This is the property of cosmological constant dark energy and leads to the result that there are no stable fixed points at which Ω X /Ω c ∼ O(1). Covering the cosmological constant dark energy by setting λ = 0 or V = V 0 is one of the important features for the three-form dark energy model which is distinguished from scalar field dark energy.
By comparing the results to the interacting scalar field with type (II) and (III) [22, 23] , it gives the similar result in which the coincidence problem will be solved. However, there is no negative energy density of the dark energy in our coupling model. We also note that there is only one parameter γ to adjust in our coupling model while it has to have two parameters, α φ and α c in the scalar interacting case. This suggests that it is easier to provide the possibility to solve the coincidence problem in interacting three-form field. One of the advantages of our model is that it automatically provides ω tot slightly less than −1 before it reaches the stable fixed points as shown in Figure 7 . This leads to the convenient way to fit the result with the observational data since recent observations suggest that ω = −1.1 ± 0.14 [29] .
